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QUANTUM CLUSTER CHARACTERS
OF HALL ALGEBRAS REVISITED
CHANGJIAN FU, LIANGANG PENG AND HAICHENG ZHANG∗
Abstract. Let Q be a finite acyclic valued quiver. We give a bialgebra structure and
an integration map on the Hall algebra associated to the morphism category of projective
valued representations of Q. As an application, we recover the surjective homomorphism
defined in [12], which realizes the principal coefficient quantum cluster algebra A q(Q) as
a sub-quotient of the Hall algebra of morphisms. Moreover, we also recover the quantum
Caldero–Chapoton formula, as well as their cluster multiplication formulas.
1. Introduction
The Hall algebra of a finitary abelian category A is defined to be an associative algebra
with a basis indexed by the isomorphism classes of objects of A and with a multiplication
which encodes information about extensions of objects (cf. [24, 29]). A typical example of
such categories is provided by the category of finite dimensional representations of a finite
acyclic quiver over a finite field. For a Dynkin quiver Q, Ringel [25] realized the positive
part of the quantum group associated to Q via the so-called Ringel–Hall algebra of Q.
Later on, for any hereditary algebra A, Green [17] introduced a bialgebra structure on the
Ringel–Hall algebra of A, and he showed that the composition subalgebra generated by
simple A-modules provides a realization of the positive part of the corresponding quantum
group.
Cluster algebras were introduced by Fomin and Zelevinsky [15] with the aim to set
up a combinatorial framework for the study of total positivity in algebraic groups and
canonical bases in quantum groups. The quantum versions of cluster algebras, called
the quantum cluster algebras, were later introduced by Berenstein and Zelevinsky [3].
Acyclic (quantum) cluster algebras associated with acyclic valued quivers are an important
class of (quantum) cluster algebras, which has a close relation with the representation
theory of acyclic valued quivers, see [4, 5, 6, 7, 22, 26, 27] for instance. Among others,
the combinatorial structure of cluster variables of an acyclic cluster algebra A(Q) can
be categorified by the combinatorial structure of the category of representations of Q (
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cf. [4]). Caldero and Chapoton [5] proved that the cluster algebra A(Q) associated with a
Dynkin quiverQ can be recovered from the data of the corresponding quiver representation
category. Caldero and Keller [6] further proved the cluster multiplication formulas for
A(Q).
Let Q be a finite acyclic valued quiver and A the category of finite dimensional repre-
sentations over Q. The work of Caldero and Keller [6] suggested that there should be a
deep connection between the quantum cluster algebra Aq(Q) (with coefficients) and the
dual Hall algebra H(A). In [11], Ding and Xu showed that the comultiplication of H(A)
implies the cluster multiplication formulas in Aq(Q) (cf. also [13]). The expected con-
nection has been established by Berenstein and Rupel [2]. In particular, Berenstein and
Rupel [2] proved that there is a homomorphism of algebras from H(A) to the quantum
torus associated with the quantum cluster algebra Aq(Q) of Q, which maps the inde-
composable rigid modules to the non-initial quantum cluster variables of Aq(Q). Such a
homomorphism is called a quantum cluster character of Hall algebra. The homomorphism
and its generalization have been further investigated in [8, 14, 28]. Let us emphasize that
the bialgebra structure of H(A) has also played a central role in [2, 8, 13, 14].
In general, the initial quantum cluster variables do not belong to the image of a quantum
cluster character of Hall algebra H(A). In order to overcome this shortcoming, Ding, Xu
and Zhang [12] introduced the (localized) Hall algebra MH(A) of morphisms associated
to the representation category of Q, and established a homomorphism of algebras from a
twisted version MHΛ(A) of MH(A) to the quantum torus associated with the quantum
cluster algebra Aq(Q) with principal coefficients. Along this way, the quantum cluster
algebra Aq(Q) has been realized as a subquotient of the Hall algebra MHΛ(A).
The aim of this paper is to pursue a bialgebra approach to understand the quantum
cluster character introduced in [12]. To do this, we introduce a comultiplication ∆ for
MH(A) and proved that MH(A) is a bialgebra without counit. We also introduce an
integration map
∫
fromMH(A) to a suitable torus. Our main result yields an explicit and
simple factorization of the quantum cluster character Ψ in [12] via the comultiplication
∆ and integration map
∫
. This gives an alternative way to recover the quantum cluster
character Ψ. Compared with [12], we obtain the quantum cluster character Ψ without
using cluster multiplication formulas, on the contrary, cluster multiplication formulas
are the outcome of our main result. Moreover, we also recover the quantum Caldero–
Chapoton formula, and present its intrinsic definition via the Hall algebra of morphisms.
As an appendix, we also show how to apply the derived Hall algebra to realize the whole
acyclic quantum cluster algebras.
The paper is organized as follows: In Section 2 we recollect definitions and properties of
the morphism category and the construction of Hall algebra of morphisms. We introduce
a bialgebra structure forMH(A) in Section 3 and an integration map in Section 4. After
certain computations involving compatible pairs in Section 5, we prove the main result
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in Section 6. As a byproduct, we give a categorical interpretation of g-vectors via the
morphism category in Section 7. In Section 8, we generalize the idea of Section 6 to
show that a certain subalgebra of derived Hall algebra can also be used to realize acyclic
quantum cluster algebras.
Let us fix some notations used throughout the paper. For a finite set S, we denote
by |S| its cardinality. Let k = Fq be a finite field with q elements, and set v = √q.
Let Z[v, v−1] be the ring of integral Laurent polynomials. Let A be a finite dimensional
hereditary k-algebra, and denote by A the category of finite dimensional left A-modules;
let P = PA ⊂ A be the subcategory consisting of projective objects. For an exact or
triangulated category E , the Grothendieck group of E and the set of isomorphism classes
[X ] of objects in E are denoted by K(E) and Iso (E), respectively; let Ind (E) be a complete
set of indecomposable objects in E . For each object M in E , its automorphism group and
image in K(E) are denoted by Aut (M) and Mˆ , respectively; we set aM = |Aut (M)| and
denote by aM the direct sum of a copies of M for a positive integer a. For a module
M ∈ A , we also use dimM to denote its dimension vector. We always assume that all
the vectors are column vectors, and all tensor products are taken over Z[v, v−1].
2. Preliminaries
2.1. Hall algebras. Given objects L,M,N ∈ A, let Ext 1A(M,N)L ⊂ Ext 1A(M,N) be
the subset consisting of those equivalence classes of short exact sequences with middle
term isomorphic to L.
Definition 2.1. The Hall algebra H(A) of A is the free Z[v, v−1]-module with basis
elements [M ] ∈ Iso (A), and with the multiplication defined by
[M ] ⋄ [N ] =
∑
[L]∈Iso (A)
|Ext 1A(M,N)L|
|HomA(M,N)| [L].
Remark 2.2. Given objects L,M,N ∈ A , set
FLMN := |{N ′ ⊂ L | N ′ ∼= N,L/N ′ ∼= M}|.
By the Riedtmann–Peng formula [23, 20],
FLMN =
|Ext 1A (M,N)L|
|HomA (M,N)|
aL
aMaN
.
Thus in terms of alternative generators [[M ]] = [M ]
aM
, the product takes the form
[[M ]] ⋄ [[N ]] =
∑
[L]∈Iso (A)
FLMN [[L]],
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which is the definition used, for example, in [25, 29]. The associativity of Hall algebras
amounts to the following identity∑
[M ]
FMXY F
L
MZ =
∑
[N ]
FLXNF
N
Y Z =: F
L
XY Z , (2.1)
for any objects L,X, Y, Z ∈ A .
Given objects M,N ∈ A, one defines
〈M,N〉 := dim kHomA (M,N)− dim kExt 1A (M,N), (2.2)
which descends to give a bilinear form
〈·, ·〉 : K(A)×K(A) −→ Z, (2.3)
called the Euler form of A. We also consider the symmetric Euler form
(·, ·) : K(A)×K(A) −→ Z,
defined by (α, β) = 〈α, β〉+ 〈β, α〉 for all α, β ∈ K(A).
The twisted Hall algebra H tw (A ) is the same module as H (A ) but with the twisted
multiplication defined by
[M ] ∗ [N ] = q〈M,N〉[M ] ⋄ [N ].
2.2. Morphism categories. Let C2(A ) be the category whose objects are morphisms
M−1
f
// M0 in A , and each morphism from M−1
f
// M0 to N−1
g
// N0 is a
pair (u, v) of morphisms in A such that the following diagram
M−1
f
//
u

M0
v

N−1
g
// N0
is commutative. In what follows, we also write M• as a morphism M−1
f
// M0. Let
C2(P ) ⊂ C2(A ) be the extension-closed subcategory consisting of morphisms in P .
For each object P ∈ P , define two objects in C2(P )
KP := P
1 // P and ZP := P // 0. (2.4)
For each object M ∈ A , fixing a minimal projective resolution1
0 // ΩM
δM // PM // M // 0, (2.5)
by [12] we define an object in C2(P )
CM := ΩM
δM // PM . (2.6)
1The notations PM and ΩM will be used throughout the paper.
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The indecomposable objects of C2(P ) are characterized in the following
Lemma 2.3. [12, Proposition 2.4] Each object M• in C2(P ) has a direct sum decompo-
sition
M• = KP ⊕ ZQ ⊕ CM
for some P,Q ∈ P and M ∈ A . Moreover, the objects P,Q and M are uniquely
determined up to isomorphism.
Lemma 2.4. [1, Corollaries 3.1 and 3.2] The objects CP and KP , where P ∈ P is
indecomposable, provide a complete set of indecomposable projective objects in C2(P);
and the objects ZP and KP provide a complete set of indecomposable injective objects.
Moreover, all KP are exactly the whole indecomposable projective-injective objects.
For each M• ∈ C2(P ), we have a projective resolution and an injective resolution of
M• in the following
Lemma 2.5. [1, Proposition 3.2] For each M• ∈ C2(P ), we have the following short
exact sequences
0 −→ CM−1 −→ CM0 ⊕KM−1 −→M• −→ 0; (2.7)
0 −→ M• −→ ZM−1 ⊕KM0 −→ ZM0 −→ 0. (2.8)
By Lemma 2.5, we know that the global dimension of C2(P ) is equal to one. It is
similar to the Euler form of A which is defined in (2.2), for any objects M•, N• ∈ C2(P ),
we define
〈M•, N•〉 := dim kHomC2(P )(M•, N•)− dim kExt 1C2(P )(M•, N•), (2.9)
and it also induces a bilinear form on the Grothendieck group of C2(P ), where we use
the same notation as the Euler form of A , since this should not cause confusion by the
context. By [12, Lemma 2.9], for any M•, N• ∈ C2(P ),
〈M•, N•〉 = dim kHomA (M0, N0) + dim kHomA (M−1, N−1)− dim kHomA (M−1, N0).
2.3. Hall algebras of morphisms. Let H (C2(A )) be the Hall algebra of C2(A ) as
defined in Definition 2.1. Let H (C2(P )) be the submodule of H (C2(A )) spanned by
the isomorphism classes of objects in C2(P ). Since C2(P ) is closed under extensions,
H (C2(P )) is a subalgebra of the Hall algebra H (C2(A )). Define H tw (C2(P )) to be
the same module as H (C2(P )), but with the twisted multiplication
[M•] ∗ [N•] = q〈M•,N•〉[M•] ⋄ [N•].
For any M• ∈ C2(P ) and P ∈ P , by [12, Lemma 3.1], we have that in H tw (C2(P ))
[KP ] ∗ [M•] = [M•] ∗ [KP ] = [KP ⊕M•]. (2.10)
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Define the localized Hall algebra MH (A ) to be the localization of H tw (C2(P )) with
respect to all elements [KP ]. In symbols,
MH (A ) := H tw (C2(P ))[[KP ]−1 : P ∈ P ].
For each α ∈ K(A ), by writing α = Pˆ − Qˆ for some objects P,Q ∈ P , we define
Kα := [KP ] ∗ [KQ]−1.
Then for any α, β ∈ K(A ) and M• ∈ C2(P ),
Kα ∗Kβ = Kα+β = Kβ ∗Kα; (2.11)
Kα ∗ [M•] = [M•] ∗Kα. (2.12)
For each M ∈ A , we define
XM := K−PˆM ∗ [CM ] ∈MH (A ).
By [12], XM does not depend on the minimality of projective resolutions of M . Given
M ∈ A and P ∈ P , we define
XM⊕P [1] := XM ∗ [ZP ] = K−PˆM ∗ [CM ] ∗ [ZP ] = K−PˆM ∗ [CM ⊕ ZP ].
In particular,
XP [1] = [ZP ] and XM⊕P [1] = XM ∗ XP [1]. (2.13)
Given objects B,M, P,Q in A ,
QHomA (P,M)B := {f : P →M | Ker (f) ∼= Q and Coker (f) ∼= B}.
By [30, 33],
|QHomA (P,M)B| =
∑
[L]
aLF
P
LQF
M
BL. (2.14)
Theorem 2.6. [12, Theorem 5.2] The algebra MH(A ) is spanned by all Kα ∗ XM⊕P [1]
(with α ∈ K(A ), M ∈ A and P ∈ P ), which are subject to the following relations
Kα ∗Kβ = Kα+β = Kβ ∗Kα; (2.15)
Kα ∗ XM⊕P [1] = XM⊕P [1] ∗Kα; (2.16)
XP [1] ∗ XQ[1] = X(P⊕Q)[1] = XQ[1] ∗ XP [1]; (2.17)
XM ∗ XN = q〈M,N〉
∑
[L]
|Ext1A (M,N)L|
|HomA (M,N)|XL; (2.18)
XM ∗ XP [1] = XM⊕P [1]; (2.19)
XP [1] ∗ XM = q−〈P,M〉
∑
[B],[Q]
|QHomA (P,M)B|XB⊕Q[1]; (2.20)
for any α, β ∈ K(A ), M,N ∈ A and P,Q ∈ P .
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3. Bialgebra structure on Hall algebra MH (A ) of morphisms
In this section, we give a bialgebra structure on the Hall algebraMH (A ) of morphisms.
We define the multiplication ∗ on MH (A )⊗MH (A ) by
(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ∗ (Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1]) :=
q(Nˆ−Qˆ,Uˆ−Sˆ)+〈Mˆ−Pˆ ,Vˆ−Tˆ 〉(Kα+γ ∗ XM⊕P [1] ∗ XU⊕S[1] ⊗Kβ+δ ∗ XN⊕Q[1] ∗ XV⊕T [1])
(3.1)
for any α, β, γ, δ ∈ K(A ), M,N,U, V ∈ A and P,Q, S, T ∈ P . We also define a
homomorphism of Z[v, v−1]-modules
∆ :MH (A ) −→MH (A )⊗MH (A )
by
∆(Kα ∗ XL⊕P [1]) :=
∑
[M ],[N ]
q〈Mˆ,Nˆ−Pˆ 〉FLMN(XM ⊗Kα ∗ XN⊕P [1]) (3.2)
for any α ∈ K(A ), L ∈ A and P ∈ P .
Proposition 3.1. The map ∆ : (MH (A ), ∗) −→ (MH (A )⊗MH (A ), ∗) is a homo-
morphism of algebras.
Proof. It suffices to prove that ∆ preserves all the relations in Theorem 2.6. We only
prove the relations (2.18) and (2.20), since the other relations can be easily proved.
By Theorem 2.6 (see also [12, Theorem 3.5]), the map
Ψ : H tw (A ) 
 //MH (A ), [M ] ✤ // XM
is an embedding of algebras. It follows from Green’s formula (cf. [17]) that the map
δ : H tw (A ) −→ H tw (A )⊗H tw (A )
defined by
δ([L]) =
∑
[M ],[N ]
q〈M,N〉FLMN [M ]⊗ [N ] (3.3)
is a homomorphism of algebras, when the multiplication on H tw (A )⊗H tw (A ) is given
by
([M1]⊗ [N1]) ∗ ([M2]⊗ [N2]) := q(Mˆ2,Nˆ1)+〈Mˆ1,Nˆ2〉([M1] ∗ [M2]⊗ [N1] ∗ [N2]). (3.4)
By the commutative diagram
H tw (A )
δ //
Ψ

H tw (A )⊗H tw (A )
Ψ⊗Ψ

MH (A ) ∆ //MH (A )⊗MH (A ),
we obtain that ∆ preserves the relation (2.18).
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Next we prove that ∆ preserves the relation (2.20). On the one hand,
∆(XP [1]) ∗∆(XL) =
∑
[M ],[N ]
q〈Mˆ,Nˆ〉−(Pˆ ,Mˆ)FLMNXM ⊗ XP [1] ∗ XN
=
∑
[M ],[N ],[Q],[C]
q〈Mˆ,Nˆ〉−(Pˆ ,Mˆ)−〈Pˆ ,Nˆ〉FLMN |QHomA (P,N)C|XM ⊗ XC⊕Q[1]
=
∑
[M ],[N ],[Q],[C],[D]
q〈Mˆ,Nˆ−Pˆ 〉−〈Pˆ ,Mˆ+Nˆ〉aDF
L
MNF
P
DQF
N
CDXM ⊗ XC⊕Q[1]
=
∑
[M ],[Q],[C],[D]
q〈Mˆ,Cˆ−Qˆ〉−〈Pˆ ,Lˆ〉aDF
L
MCDF
P
DQXM ⊗ XC⊕Q[1].
On the other hand,∑
[B],[Q]
q−〈P,L〉|QHomA (P, L)B|∆(XB⊕Q[1])
=
∑
[B],[Q],[M ],[C]
q〈Mˆ,Cˆ−Qˆ〉−〈Pˆ ,Lˆ〉|QHomA (P, L)B|FBMCXM ⊗ XC⊕Q[1]
=
∑
[B],[Q],[M ],[C],[D]
q〈Mˆ,Cˆ−Qˆ〉−〈Pˆ ,Lˆ〉aDF
P
DQF
L
BDF
B
MCXM ⊗ XC⊕Q[1]
=
∑
[Q],[M ],[C],[D]
q〈Mˆ,Cˆ−Qˆ〉−〈Pˆ ,Lˆ〉aDF
L
MCDF
P
DQXM ⊗ XC⊕Q[1].
Thus,
∆(XP [1]) ∗∆(XL) =
∑
[B],[Q]
q−〈P,L〉|QHomA (P, L)B|∆(XB⊕Q[1]).

Remark 3.2. (1) Let m : (MH (A )⊗MH (A ), ∗) −→ (MH (A ), ∗) be the multiplica-
tion map. The Hall algebra (MH (A ), m,∆) is a bialgebra without counit. In fact, for
any Z[v, v−1]-module homomorphism ǫ :MH (A )→ Z[v, v−1], m ◦ (ǫ⊗ id ) ◦∆(XP [1]) =
ǫ(1)XP [1], while m ◦ (id ⊗ ǫ) ◦ ∆(XP [1]) = ǫ(XP [1])1. Clearly, m ◦ (ǫ ⊗ id ) ◦ ∆(XP [1]) 6=
m ◦ (id ⊗ ǫ) ◦∆(XP [1]).
(2) The comultiplication defined in (3.2) is not the intrinsic comultiplication (cf. [17,
18]) of Hall algebra of an exact category.
4. Integration map on Hall algebra MH (A ) of morphisms
In this section, we give an integration map on Hall algebra MH (A ) of morphisms.
First of all, we give a characterization on the Grothendieck group K(C2(P )) of the
morphism category C2(P ). Assume that the rank of K(A ) is equal to n. Using the
basis consisting of simple A-modules, we identity K(A ) with Zn by sending Mˆ to dimM
for any M ∈ A .
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Given an object M• = ( M−1
f
// M0 ) ∈ C2(P ), we define
dimM• :=
(
dimM0 − dimM−1
dimM0
)
∈ Z2n.
For any short exact sequence
0 −→M• −→ L• −→ N• −→ 0
in C2(P ), it is easy to that dimL• = dimM• + dimN•.
Let P1, P2, · · · , Pn be all indecomposable projective objects in A up to isomorphism.
Lemma 4.1. The Grothendieck group K(C2(P )) is a free abelian group having as a basis
the set
{ZˆPi, KˆPi | 1 ≤ i ≤ n}
and there exists a unique group isomorphism f : K(C2(P )) −→ Z2n such that f(Mˆ•) =
dimM• for each object M• in C2(P ).
Proof. For any object M• ∈ C2(P ) with M0 = ⊕ni=1aiPi and M−1 = ⊕ni=1biPi, where
ai, bi ∈ N, 1 ≤ i ≤ n, by Lemma 2.5, taking an injective resolution
0 −→M• −→ ⊕ni=1biZPi ⊕⊕ni=1aiKPi −→ ⊕ni=1aiZPi −→ 0,
we obtain that in K(C2(P ))
Mˆ• =
n∑
i=1
((bi − ai)ZˆPi + aiKˆPi).
This shows that {ZˆPi, KˆPi | 1 ≤ i ≤ n} generates the group K(C2(P )).
For any objects M•, N• ∈ C2(P ), it is clear that M• ∼= N• implies dimM• = dimN•.
Thus, the additivity of dim implies the existence of a unique group homomorphism
f : K(C2(P )) −→ Z2n such that f(Mˆ•) = dimM• for each object M• in C2(P ). Since
{dimZPi,dimKPi | 1 ≤ i ≤ n} = {
(−dimPi
0
)
,
(
0
dimPi
)
| 1 ≤ i ≤ n}
is a basis of the free group Z2n, we conclude that {ZˆPi, KˆPi | 1 ≤ i ≤ n} is Z-linearly
independent inK(C2(P )). It follows thatK(C2(P )) is free and f is an isomorphism. 
Let T be the Z[v, v−1]-algebra with a basis {Xα | α ∈ Z2n} and multiplication given by
Xα ⋄Xβ = Xα+β. (4.1)
We give integration maps on Hall algebras of morphisms in the following
Proposition 4.2. The integration map∫
: H tw (C2(P )) −→ T , [M•] 7→ XdimM•
is a homomorphism of algebras.
10 CHANGJIAN FU, LIANGANG PENG AND HAICHENG ZHANG∗
Proof. For any objects M•, N• ∈ C2(P ),∫
[M•] ∗ [N•] =
∑
[L•]
q〈M•,N•〉
|Ext 1C2(P )(M•, N•)L•|
|HomC2(P )(M•, N•)|
XdimL•
=
∑
[L•]
q〈M•,N•〉
|Ext 1C2(P )(M•, N•)L•|
|HomC2(P )(M•, N•)|
XdimM•+dimN•
= XdimM•+dimN•
= XdimM• ⋄XdimN•
=
∫
[M ] ⋄
∫
[N ].

In what follows, for each α ∈ Zn, we always set α˜ := (0
α
) ∈ Z2n and α¯ := (α
0
) ∈ Z2n.
For each given object in A we will always use the corresponding lowercase boldface letter
to denote its dimension vector.
Corollary 4.3. The integration map∫
:MH (A ) −→ T , Kα ∗ [M•] 7→ X α˜+dimM•
is a homomorphism of algebras. In particular,
∫
Kα = X
α˜ and
∫
XM⊕P [1] = X
m¯−p¯.
Proof. By definition,
∫
Kα = X
α˜ and∫
(Kα ∗ [M•]) = X α˜+dimM• = X α˜ ⋄XdimM• =
∫
Kα ⋄
∫
[M•].
By Proposition 4.2 and the relation (2.12), we can prove that
∫
is a homomorphism of
algebras. Thus, ∫
XM⊕P [1] =
∫
(K−PˆM ∗ [CM ] ∗ [ZP ])
=
∫
K−PˆM ⋄
∫
[CM ] ⋄
∫
[ZP ]
= X
( 0
−dimPM
) ⋄X(
dimM
dimPM
) ⋄X(−dimP0 )
= X(
dimM−dim P
0
)
= Xm¯−p¯.

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5. Compatible pairs
LetQ be an acyclic valued quiver (cf. [26, 27]) with the vertex set {1, 2, · · · , n}. For each
vertex i, let di ∈ N+ be the corresponding valuation. Note that each finite dimensional
hereditary k-algebra can be obtained by taking the tensor algebra of the k-species S
associated to Q. We identity a k-species S with its corresponding tensor algebra. Let
m ≥ n, we define a new quiver Q˜ by attaching additional vertices n+1, . . . , m to Q. The
full subquiver Q is called the principal part of Q˜.
For 1 ≤ i ≤ m, denote by Si the i-th simple module for S˜ which is the k-species
associated to Q˜, and set Di = End S˜(Si). Let R˜ and R˜′ be the m × n matrices with the
i-th row and j-th column elements given respectively by
rij = dim DiExt
1
S˜
(Sj , Si)
and
r′ij = dim DiopExt
1
S˜
(Si, Sj),
where 1 ≤ i ≤ m and 1 ≤ j ≤ n. Define B˜ = R˜′ − R˜, and denote by I˜ the left m × n
submatrix of the m×m identity matrix Im. Denote the principal parts of the matrices R˜,
R˜′ and B˜ by R, R′ and B, respectively. That is, B = R′−R. Let Dn = diag(d1, · · · , dn),
it is easy to see that DnR
′ = RtrDn. Thus, DnB is skew-symmetric. Moreover, the matrix
representing the Euler form associated to S under the standard basis is (In − Rtr)Dn =
Dn(In − R′).
We always assume that there exists a skew-symmetric m ×m integral matrix Λ such
that
Λ(−B˜) =
(
Dn
0
)
. (5.1)
We remark that such Q˜ and Λ exist for a given quiver Q (cf. [26]). We call such (Λ, B˜) to
be a compatible pair. In what follows, we still denote by Λ the skew-symmetric bilinear
form on Zm associated to the skew-symmetric matrix Λ.
For simplicity of notation, we set E˜ = I˜ − R˜′ and E˜ ′ = I˜ − R˜. Thus, E˜ ′ − E˜ = B˜.
Lemma 5.1. [10, Lemma 3.1] For any α, β ∈ Zn, we have that
(1) Λ(E˜α, B˜β) = −〈β, α〉; (2) Λ(B˜α, B˜β) = 〈β, α〉 − 〈α, β〉.
Using Lemma 5.1, we easily obtain the following
Lemma 5.2. (1) For any α, β ∈ Zn, we have that
Λ(E˜ ′α, E˜ ′β) = Λ(E˜α, E˜β).
(2) For any αi, βi ∈ Zn, i = 1, 2, we have that
Λ(E˜α1 + E˜
′β1, E˜α2 + E˜
′β2) = Λ(E˜(α1 + β1), E˜(α2 + β2))− 〈β2, α1〉+ 〈β1, α2〉.
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Proof. (1)
Λ(E˜ ′α, E˜ ′β) = Λ(B˜α + E˜α, B˜β + E˜β)
= Λ(B˜α, B˜β) + Λ(B˜α, E˜β) + Λ(E˜α, B˜β) + Λ(E˜α, E˜β)
= 〈β, α〉 − 〈α, β〉+ 〈α, β〉 − 〈β, α〉+ Λ(E˜α, E˜β)
= Λ(E˜α, E˜β).
(2)
Λ(E˜α1 + E˜
′β1, E˜α2 + E˜
′β2) = Λ(E˜(α1 + β1) + B˜β1, E˜(α2 + β2) + B˜β2)
= Λ(E˜(α1 + β1), E˜(α2 + β2)) + Λ(E˜(α1 + β1), B˜β2)
+ Λ(B˜β1, E˜(α2 + β2)) + Λ(B˜β1, B˜β2)
= Λ(E˜(α1 + β1), E˜(α2 + β2))− 〈β2, α1 + β1〉+ 〈β1, α2 + β2〉
+ 〈β2, β1〉 − 〈β1, β2〉
= Λ(E˜(α1 + β1), E˜(α2 + β2))− 〈β2, α1〉+ 〈β1, α2〉.

6. Factorization of a homomorphism
Let Q, Q˜ be the same as given in Section 5. We take A to be the category of finite
dimensional left S-modules, and m = 2n. Recall that for each α ∈ Zn, α˜ := (0
α
) ∈ Zm.
By [12, Lemma 8.1], the algebraMH(A ) is Zm-graded with the degree of Kα ∗XM⊕P [1]
defined by
deg(Kα ∗ XM⊕P [1]) := E˜ ′(m− p)− α˜
for any α ∈ Zn,M ∈ A and P ∈ P . It induces a gradation on the tensor algebra
(MH (A )⊗MH (A ), ∗) defined by
deg(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) := E˜ ′(m− p+ n− q)− α˜− β˜
for any α, β ∈ Zn, M,N ∈ A and P,Q ∈ P . Using these gradations, we twist the
multiplication onMH (A ), and defineMHΛ(A ) to be the same module asMH(A ) but
with the twisted multiplication defined on basis elements by
(Kα ∗ XM⊕P [1]) ⋆ (Kβ ∗ XN⊕Q[1]) :=
vΛ(E˜
′(m−p)−α˜,E˜′(n−q)−β˜)(Kα ∗ XM⊕P [1]) ∗ (Kβ ∗ XN⊕Q[1]),
(6.1)
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where α, β ∈ Zn, M,N ∈ A and P,Q ∈ P . We also twist the multiplication on the
tensor algebra (MH (A )⊗MH (A ), ∗) by defining
(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ⋆ (Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1]) :=
vλ(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ∗ (Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1]),
(6.2)
where λ = Λ(E˜ ′(m − p + n − q) − α˜ − β˜, E˜ ′(u − s + v − t) − γ˜ − δ˜), M,N,U, V ∈ A ,
P,Q, S, T ∈ P and α, β, γ, δ ∈ Zn.
For use below we reformulate Theorem 2.6 in the following
Proposition 6.1. The algebra MHΛ(A ) is generated by all Kα and XM⊕P [1] (with α ∈
Z
n, M ∈ A and P ∈ P ), which are subject to the following relations
Kα ⋆ Kβ = v
Λ(α˜,β˜)Kα+β = q
Λ(α˜,β˜)Kβ ⋆ Kα; (6.3)
Kα ⋆ XM⊕P [1] = q
−Λ(α˜,E˜′(m−p))
XM⊕P [1] ⋆ Kα; (6.4)
XP [1] ⋆ XQ[1] = v
Λ(E˜′p,E˜′q)
X(P⊕Q)[1] = q
Λ(E˜′p,E˜′q)
XQ[1] ⋆ XP [1]; (6.5)
XM ⋆ XN = q
1
2
Λ(E˜′m,E˜′n)+〈m,n〉
∑
[L]
|Ext1A (M,N)L|
|HomA (M,N)|XL; (6.6)
XM ⋆ XP [1] = v
−Λ(E˜′m,E˜′p)
XM⊕P [1]; (6.7)
XP [1] ⋆ XM = q
− 1
2
Λ(E˜′p,E˜′m)−〈p,m〉
∑
[B],[Q]
|QHomA (P,M)B|XB⊕Q[1]; (6.8)
for any α, β ∈ Zn, M,N ∈ A and P,Q ∈ P .
Since the comultiplication ∆ defined in (3.2) is homogeneous, it is easy to obtain the
following
Lemma 6.2. The map ∆ : (MH Λ(A ), ⋆) −→ (MH (A )⊗MH (A ), ⋆) is a homomor-
phism of algebras.
Proof. Let M,N ∈ A , P,Q ∈ P and α, β ∈ Zn. By (6.1),
∆[(Kα ∗ XM⊕P [1]) ⋆ (Kβ ∗ XN⊕Q[1])]
= vΛ(E˜
′(m−p)−α˜,E˜′(n−q)−β˜)∆[(Kα ∗ XM⊕P [1]) ∗ (Kβ ∗ XN⊕Q[1])]
= vΛ(E˜
′(m−p)−α˜,E˜′(n−q)−β˜)∆(Kα ∗ XM⊕P [1]) ∗∆(Kβ ∗ XN⊕Q[1]) (by Proposition 3.1)
= ∆(Kα ∗ XM⊕P [1]) ⋆∆(Kβ ∗ XN⊕Q[1]).

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We twist the multiplication on the tensor algebra of the torus T defined in (4.1) by
defining
(X(
α1
α2
) ⊗X(β1β2)) ⋆ (X(γ1γ2) ⊗X(δ1δ2)) :=
q
1
2
Λ(E˜′(α1+β1)−α˜2−β˜2,E˜′(γ1+δ1)−γ˜2−δ˜2)+(β1,γ1)+〈α1,δ1〉X(
α1+γ1
α2+γ2
) ⊗X(β1+δ1β2+δ2)
(6.9)
for any αi, βi, γi, δi ∈ Zn, i = 1, 2.
Lemma 6.3. The map
∫ ⊗ ∫ : (MH (A )⊗MH (A ), ⋆) −→ (T ⊗ T , ⋆) is a homomor-
phism of algebras.
Proof. Let M,N,U, V ∈ A , P,Q, S, T ∈ P and α, β, γ, δ ∈ Zn. On the one hand,∫
⊗
∫
[(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ⋆ (Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1])]
= va0
∫
⊗
∫
[(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ∗ (Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1])]
= va1
∫
⊗
∫
[(Kα+γ ∗ XM⊕P [1] ∗ XU⊕S[1])⊗ (Kβ+δ ∗ XN⊕Q[1] ∗ XV⊕T [1])]
= va1X α˜+γ˜+m¯−p¯+u¯−s¯ ⊗X β˜+δ˜+n¯−q¯+v¯−p¯,
where a0 = Λ(E˜
′(m−p+n−q)− α˜− β˜, E˜ ′(u− s+ v− t)− γ˜ − δ˜) and a1 = a0+2(n−
q,u− s) + 2〈m− p,v − t〉.
On the other hand,∫
⊗
∫
(Kα ∗ XM⊕P [1] ⊗Kβ ∗ XN⊕Q[1]) ⋆
∫
⊗
∫
(Kγ ∗ XU⊕S[1] ⊗Kδ ∗ XV⊕T [1])
= (X α˜+m¯−p¯ ⊗X β˜+n¯−q¯) ⋆ (X γ˜+u¯−s¯ ⊗X δ˜+v¯−t¯)
= va1X α˜+γ˜+m¯−p¯+u¯−s¯ ⊗X β˜+δ˜+n¯−q¯+v¯−p¯. (by Definition in (6.9))

Define the quantum torus TΛ to be the Z[v, v−1]-algebra with a basis {Xα | α ∈ Zm}
and multiplication given by
Xα ⋆ Xβ = vΛ(α,β)Xα+β. (6.10)
It is well known that TΛ is an Ore domain, and thus is contained in its skew-field of
fractions F .
For the need of the sequel proof, we give the following
Lemma 6.4. For any α, β ∈ Zn, we have that
(1) Λ(E˜ ′α, β˜) = Λ(E˜α, β˜); (2) Λ(α˜, E˜ ′β) = Λ(α˜, E˜β).
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Proof. By (5.1), we obtain that (Dn 0) = B˜
trΛ = (E˜ ′)trΛ− (E˜)trΛ. Thus,
Λ(E˜ ′α, β˜) = αtr(E˜ ′)trΛβ˜
= αtr(E˜)trΛβ˜ + αtr(Dn0)β˜
= Λ(E˜α, β˜).
Similarly, we can prove the second identity. 
Proposition 6.5. The map µ : (T ⊗ T , ⋆) −→ (TΛ, ⋆) defined by
µ(X(
α1
α2
) ⊗X(β1β2)) = v−(α1,β1)−〈α1,β1〉X−E˜α1−E˜′β1+α˜2+β˜2 ,
where αi, βi ∈ Zn, i = 1, 2, is a homomorphism of algebras.
Proof. Let αi, βi, γi, δi ∈ Zn, i = 1, 2. On the one hand,
µ[(X(
α1
α2
) ⊗X(β1β2)) ⋆ (X(γ1γ2) ⊗X(δ1δ2))] = va0X(α1+γ1α2+γ2) ⊗X(β1+δ1β2+δ2)
= va1X−E˜(α1+γ1)−E˜
′(β1+δ1)+α˜2+γ˜2+β˜2+δ˜2 ,
where a0 = Λ(E˜
′(α1 + β1) − α˜2 − β˜2, E˜ ′(γ1 + δ1) − γ˜2 − δ˜2) + 2(β1, γ1) + 2〈α1, δ1〉, and
a1 = a0 − (α1 + γ1, β1 + δ1)− 〈α1 + γ1, β1 + δ1〉. By simple calculation, we obtain that
a1 =Λ(E˜
′(α1 + β1)− α˜2 − β˜2, E˜ ′(γ1 + δ1)− γ˜2 − δ˜2) + 〈β1, γ1〉 − 〈δ1, α1〉
− (α1, β1)− (γ1, δ1)− 〈α1, β1〉 − 〈γ1, δ1〉.
On the other hand,
µ(X(
α1
α2
) ⊗X(β1β2)) ⋆ µ(X(γ1γ2) ⊗X(δ1δ2)) = vb0X−E˜α1−E˜′β1+α˜2+β˜2 ⋆ X−E˜γ1−E˜′δ1+γ˜2+δ˜2
= vb1X−E˜(α1+γ1)−E˜
′(β1+δ1)+α˜2+γ˜2+β˜2+δ˜2
where b0 = −(α1, β1)− 〈α1, β1〉 − (γ1, δ1)− 〈γ1, δ1〉, and b1 = b0 +Λ(−E˜α1 − E˜ ′β1 + α˜2 +
β˜2,−E˜γ1 − E˜ ′δ1 + γ˜2 + δ˜2).
Since
Λ(E˜ ′(α1 + β1)− α˜2 − β˜2, E˜ ′(γ1 + δ1)− γ˜2 − δ˜2)− Λ(−E˜α1 − E˜ ′β1 + α˜2 + β˜2,−E˜γ1 − E˜ ′δ1 + γ˜2 + δ˜2)
= Λ(E˜ ′(α1 + β1), E˜
′(γ1 + δ1))− Λ(E˜α1 + E˜ ′β1, E˜γ1 + E˜ ′δ1)− Λ(E˜ ′(α1 + β1), γ˜2 + δ˜2)
+ Λ(E˜α1 + E˜
′β1, γ˜2 + δ˜2)− Λ(α˜2 + β˜2, E˜ ′(γ1 + δ1)) + Λ(α˜2 + β˜2, E˜γ1 + E˜ ′δ1)
= Λ(E˜ ′(α1 + β1), E˜
′(γ1 + δ1))− Λ(E˜α1 + E˜ ′β1, E˜γ1 + E˜ ′δ1) (by Lemma 6.4)
= 〈δ1, α1〉 − 〈β1, γ1〉, (by Lemma 5.2)
we obtain that a1 = b1. Therefore,
µ[(X(
α1
α2
) ⊗X(β1β2)) ⋆ (X(γ1γ2) ⊗X(δ1δ2))] = µ(X(α1α2) ⊗X(β1β2)) ⋆ µ(X(γ1γ2) ⊗X(δ1δ2)).

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Define Ψ := µ◦(∫ ⊗ ∫ )◦∆. In other word, we have the following commutative diagram
(MH Λ(A ), ⋆) Ψ //
∆

(TΛ, ⋆)
(MH (A )⊗MH (A ), ⋆)
∫
⊗
∫
// (T ⊗ T , ⋆).
µ
OO
(6.11)
Given a module M ∈ A , we denote by GreM the set of all submodules V of M with
dimV = e. Let us present our main result as the following
Theorem 6.6. The map Ψ : (MH Λ(A ), ⋆) −→ (TΛ, ⋆) is a homomorphism of algebras.
Moreover, for any α ∈ Zn, M ∈ A and P ∈ P ,
Ψ(Kα) = X
α˜ and Ψ(XM⊕P [1]) =
∑
e
v〈p−e,m−e〉|GreM |X E˜′(p−e)−E˜(m−e).
Proof. By Lemma 6.2, Lemma 6.3 and Proposition 6.5, we obtain that Ψ is a homo-
morphism of algebras.
For any α ∈ Zn,
Ψ(Kα) = µ ◦ (
∫
⊗
∫
) ◦∆(Kα)
= µ ◦ (
∫
⊗
∫
)(1⊗Kα)
= µ(1⊗X α˜) = X α˜.
Let M ∈ A and P ∈ P . Then
Ψ(XM⊕P [1]) = µ ◦ (
∫
⊗
∫
) ◦∆(XM⊕P [1])
= µ ◦ (
∫
⊗
∫
)(
∑
[U ],[E]
q〈Mˆ−Eˆ,Eˆ−Pˆ 〉FMUEXU ⊗ XE⊕P [1])
= µ(
∑
[U ],[E]
q〈m−e,e−p〉FMUEX
u¯ ⊗X e¯−p¯)
=
∑
[U ],[E]
v2〈m−e,e−p〉FMUEµ(X
m¯−e¯ ⊗X e¯−p¯)
=
∑
e
v2〈m−e,e−p〉|GreM |µ(Xm¯−e¯ ⊗X e¯−p¯)
=
∑
e
v〈m−e,e−p〉−(m−e,e−p)|GreM |X−E˜(m−e)−E˜′(e−p)
=
∑
e
v〈p−e,m−e〉|GreM |X E˜′(p−e)−E˜(m−e).

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The quantum Caldero–Chapoton map associated to a finite acyclic valued quiver Q has
been defined in [26] and [22]. In [26], the author defined the quantum Caldero–Chapoton
map for kQ-modules while in [22] for coefficient-free rigid objects in cluster category. Let
M ∈ A and P ∈ P . We recall from [12] that the quantum cluster character associated
to M ⊕ P [1] is defined to be
XM⊕P [1] =
∑
e
v〈p−e,m−e〉|GreM |X−B˜e−E˜m+tP ,
where tP = dim (P/radP ).
Lemma 6.7. Let M ∈ A and P ∈ P . If E˜ ′p = tP , then Ψ(XM⊕P [1]) = XM⊕P [1].
Proof. By B˜ = E˜ ′ − E˜ and E˜ ′p = tP , we obtain that
E˜ ′(p− e)− E˜(m− e) = −B˜e− E˜m+ tP .
Thus, by Theorem 6.6, we get that Ψ(XM⊕P [1]) = XM⊕P [1]. 
Remark 6.8. If the quiver Q˜ satisfies that there is no arrow from i to j for any vertices
1 ≤ i ≤ n and n < j ≤ 2n, i.e., for each 1 ≤ i ≤ n the indecomposable projective
S-module associated to i is also a projective S˜-module. Then E˜ ′p = tP for any P ∈ P ,
thus Ψ(XM⊕P [1]) = XM⊕P [1]. In particular, we consider the quiver Q˜ associated to Q as
follows: for each vertex 1 ≤ i ≤ n we add the arrow n+ i −→ i. In this case, by [27] there
exists a compatible pair (Λ, B˜).
In what follows, let (Λ, B˜) be a compatible pair as mentioned in Remark 6.8. Let
A (Λ, B˜) be the quantum cluster algebra (cf. [3]) associated to the compatible pair (Λ, B˜),
which is defined to be the Z[v, v−1]-subalgebra of F generated by all quantum cluster
variables and coefficients. This quantum cluster algebra A (Λ, B˜) is called the principal
coefficient quantum cluster algebra. We also denote A (Λ, B˜) by A q(Q). Let AH q(Q)
be the Z[v, v−1]-subalgebra of F generated by all the quantum cluster characters XM⊕P [1]
and coefficients X α˜, where M ∈ A , P ∈ P and α ∈ Zn.
By Theorem 6.6, we obtain the following
Corollary 6.9. [12, Theorem 8.4] There exists a surjective algebra homomorphism
Ψ :MHΛ(A ) // // AHq(Q)
defined on generators by
Kα 7→ X α˜ and XM⊕P [1] 7→ XM⊕P [1]
for any α ∈ Zn, M ∈ A and P ∈ P .
According to [27], it is known that the quantum cluster algebra A q(Q) is the subalgebra
of AHq(Q) generated by
{X α˜, XM⊕P [1] | α ∈ Zn,M ∈ Ind (A ) is rigid and P ∈ Ind (P )}.
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Parallelly, we define MCΛ(A ) to be the subalgebra of MHΛ(A ) generated by
{Kα,XM⊕P [1] | α ∈ Zn,M ∈ Ind (A ) is rigid and P ∈ Ind (P )}.
Then we have the following
Corollary 6.10. [12, Corollary] There exists a surjective algebra homomorphism
π :MCΛ(A Q) // // Aq(Q).
Using Theorem 6.6, we can also recover the cluster multiplication formulas (cf. [9, 11,
10, 12]).
Corollary 6.11. Let M,N ∈ A and P ∈ P . Then
(1) XMXN = q
1
2
Λ(E˜m,E˜n)+〈m,n〉
∑
[L]
|Ext1
A
(M,N)L|
|HomA (M,N)|
XL;
(2) XP [1]XM = q
1
2
Λ(E˜m,E˜p)−〈p,m〉
∑
[B],[Q]
|QHomA (P,M)B|XB⊕Q[1].
Proof. It is proved by (6.6) and (6.8) in Proposition 6.1, Theorem 6.6 and Lemma
5.2. 
Remark 6.12. We obtain more than relations given in Corollary 6.11. In fact, Each
relation in Proposition 6.1 corresponds to a relation in AHq(Q).
7. An interpretation of g-vectors
Let (Λ, B˜) be a compatible pair as mentioned in Remark 6.8. In particular, the quantum
cluster algebra A (Λ, B˜) is of principal coefficients. We endow the quantum torus TΛ a
Z
n-gradation by setting
degXα :=
n∑
i=1
aiei −
n∑
j=1
an+jβj ,
where α = (a1, · · · , a2n) ∈ Z2n and βj is the j-th column of the matrix B. According to
[16, Proposition 6.1], every quantum cluster variable z of A (Λ, B˜) is homogeneous with
respect to the above Zn-grading and the g-vector g(z) of z is defined as
g(z) = deg z.
Note that the non-frozen quantum cluster variables are precisely
{XM , XP [1] | M ∈ Ind (A ) is rigid and P ∈ Ind (P )}.
We are going to give a categorical interpretation of g-vectors via the morphism category
C2(P). Similar to Lemma 4.1, CˆP1, · · · , CˆPn, KˆP1, · · · , KˆPn is also a Z-basis of K(C2(P)).
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For each M• ∈ C2(P), let
ind(M•) = (h1, · · · , h2n) ∈ Z2n
be the coordinate of Mˆ• with respect to the basis CˆP1, · · · , CˆPn, KˆP1, · · · , KˆPn . We define
ind◦(M•) = (h1, · · · , hn) ∈ Zn
be the truncation of ind(M•).
Proposition 7.1. Let M ∈ Ind (A ) be rigid and P ∈ Ind (P ), we have that
g(XM) = − ind◦(CM) and g(XP [1]) = − ind◦(ZP ).
Proof. By the definition of XM , we have
g(XM) = degXM = degX
−E˜m = −Em−Bm = −E ′m,
where E,E ′ denote the principal parts of the matrices E˜ and E˜ ′, respectively.
Let 0 → ⊕ni=1 biPi → ⊕ni=1 aiPi → M → 0 be a projective resolution of M . It
follows that the k-th component of −E ′m is −〈M,Sk〉 = −(ak − bk). Consequently,
g(XM) = −(a1 − b1, · · · , an − bn). On the other hand, by Lemma 2.5, we have the short
exact sequence
0→
n⊕
i=1
biCPi →
n⊕
i=1
aiCPi ⊕
n⊕
i=1
biKPi → CM → 0.
In particular, ind◦(CM) = (a1 − b1, · · · , an − bn) = −g(XM).
Without loss of generality, we assume that P = Pk for some 1 ≤ k ≤ n. By definition,
we have g(XP [1]) = ek. Again by Lemma 2.5, we have the short exact sequence
0→ CPk → KPk → ZPk → 0.
Hence, g(XPk[1]) = − ind0(ZPk). 
8. Appendix: Quantum cluster characters of a derived Hall subalgebra
8.1. Derived Hall algebras. The derived Hall algebra of the bounded derived category
Db(A ) of A was introduced in [31] (see also [32]). By definition, the (Drinfeld dual)
derived Hall algebra DH(A ) is the free Z[v, v−1]-module with the basis {uX• | X• ∈
Iso (Db(A ))} and the multiplication defined by
uX• ⋄ uY• =
∑
[Z•]
|Ext 1
Db(A )(X•, Y•)Z•|∏
i≥0
|HomDb(A )(X•[i], Y•)|(−1)i
uZ•, (8.1)
where Ext 1
Db(A )(X•, Y•)Z• is defined to be HomDb(A )(X•, Y•[1])Z•[1], which denotes the
subset of HomDb(A )(X•, Y•[1]) consisting of morphisms f : X• → Y•[1] whose cone is
isomorphic to Z•[1].
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For any X•, Y• ∈ Db(A ), define
〈X•, Y•〉 :=
∑
i∈Z
(−1)idim kHomDb(A )(X•, Y•[i]),
it also descends to give a bilinear form on the Grothendieck group of Db(A ). Moreover,
it coincides with the Euler form of K(A ) over the objects in A . In particular, for any
M,N ∈ A and i, j ∈ Z, we have that 〈M [i], N [j]〉 = (−1)i−j〈M,N〉.
Let us twist the multiplication in DH(A ) as follows:
uX• ∗ uY• = q〈X•,Y•〉uX• ⋄ uY• (8.2)
for any X•, Y• ∈ Db(A ). The twisted derived Hall algebra DHq(A ) is the same module
as DH(A ), but with the twisted multiplication. Then we have the following
Proposition 8.1. ([31]) DHq(A ) is an associative unital algebra generated by the ele-
ments in {uM [i] | M ∈ Iso (A ), i ∈ Z} and the following relations
uM [i] ∗ uN [i] = q〈M,N〉
∑
[L]
|Ext 1A(M,N)L|
|HomA(M,N)| uL[i]; (8.3)
uM [i+1] ∗ uN [i] = q−〈M,N〉
∑
[X],[Y ]
|XHomA (M,N)Y |uY [i] ∗ uX[i+1]; (8.4)
uM [i] ∗ uN [j] = q(−1)i−j 〈M,N〉uN [j] ∗ uM [i], i− j > 1. (8.5)
Let CA be the subcategory of D
b(A ) consisting of objects M ⊕P [1] with M ∈ A , P ∈
P . Let DHcq(A ) be the submodule of DHq(A ) spanned by all elements uX• with X• ∈
CA .
Lemma 8.2. The submodule DHcq(A ) is a subalgebra of DHq(A ).
Proof. We only need to prove the subcategory CA is closed under extensions. Let
M [−1]⊕P → N⊕Q[1]→ X⊕Y [1]→M⊕P [1] be a triangle in Db(A ) withM,N,X, Y ∈
A and P,Q ∈ P , we prove Y ∈ P .
Since Hom(M [−1] ⊕ P,Q[1]) = 0, by [21, Lemma 2.5], we know that Q is a direct
summand of Y . Let Y ∼= Q ⊕ Y ′, and M [−1] ⊕ P → N → X ⊕ Y ′[1] → M ⊕ P [1] be a
triangle, then we have a long exact sequence in homologies
0→ Y ′ −→ P −→ N −→ X −→M → 0.
Since A is hereditary, we obtain that Y ′ is projective. Thus, Y is projective. That is,
X ⊕ Y [1] ∈ CA . 
Using Proposition 8.1, we obtain the following
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Proposition 8.3. The subalgebra DHcq(A ) is generated by the elements in {uM , uP [1] |M ∈
A , P ∈ P }, and the following relations
uP [1] ∗ uQ[1] = u(P⊕Q)[1] = uQ[1] ∗ uP [1]; (8.6)
uM ∗ uN = q〈M,N〉
∑
[L]
|Ext1A (M,N)L|
|HomA (M,N)|uL; (8.7)
uM ∗ uP [1] = uM⊕P [1]; (8.8)
uP [1] ∗ uM = q−〈P,M〉
∑
[B],[Q]
|QHomA (P,M)B|uB⊕Q[1]; (8.9)
for any M,N ∈ A and P,Q ∈ P .
Proof. By Proposition 8.1, we only need to note that for any M,N ∈ A and i ∈ Z, the
following identity
uM [i] ∗ uN [i+1] = uM [i]⊕N [i+1] (8.10)
holds in DHq(A ). 
Combining Proposition 8.3 with Theorem 2.6, we obtain the following
Corollary 8.4. There exists an embedding of algebras
ϕ : DHcq(A ) 
 //MH (A )
defined on generators by uM 7→ XM and uP [1] 7→ XP [1].
The comultiplication ∆ defined in (3.2) on MH (A ) induces a comultiplication
∆ : DHcq(A ) −→ DHcq(A )⊗DHcq(A )
defined by
∆(uL⊕P [1]) :=
∑
[M ],[N ]
q〈Mˆ,Nˆ−Pˆ 〉FLMN(uM ⊗ uN⊕P [1]) (8.11)
for any L ∈ A and P ∈ P . Let us define the multiplication ∗ on DHcq(A )⊗DHcq(A ) by
(uM⊕P [1] ⊗ uN⊕Q[1]) ∗ (uU⊕S[1] ⊗ uV⊕T [1]) :=
q(Nˆ−Qˆ,Uˆ−Sˆ)+〈Mˆ−Pˆ ,Vˆ−Tˆ 〉(uM⊕P [1] ∗ uU⊕S[1] ⊗ uN⊕Q[1] ∗ uV⊕T [1])
(8.12)
for any M,N,U, V ∈ A and P,Q, S, T ∈ P . In a similar way to Proposition 3.1, we
obtain the following
Proposition 8.5. The map ∆ : (DHcq(A ), ∗) −→ (DHcq(A ) ⊗ DHcq(A ), ∗) is a homo-
morphism of algebras.
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Remark 8.6. Let D[−1,0](A ) be the subcategory of Db(A ) consisting of objects L⊕X [1]
with L,X ∈ A . Let DH[−1,0]q (A ) be the submodule of DHq(A ) spanned by all elements
uX• with X• ∈ D[−1,0](A ). Then DH[−1,0]q (A ) is a subalgebra of DHq(A ), which is related
to the Heisenberg double Hall algebra defined in [19]. Let
∆ : DH[−1,0]q (A ) −→ DH[−1,0]q (A )⊗DH[−1,0]q (A )
be the homomorphism of modules defined by
∆(uL⊕X[1]) :=
∑
[M ],[N ]
q〈Mˆ,Nˆ−Xˆ〉FLMN (uM ⊗ uN⊕X[1]) (8.13)
for any L,X ∈ A . Consider the multiplication ∗ which is similar to (8.12) onDH[−1,0]q (A )⊗
DH[−1,0]q (A ). In a similar way to the proof of Proposition 3.1, we can obtain that the
map ∆ : (DH[−1,0]q (A ), ∗) −→ (DH[−1,0]q (A )⊗DH[−1,0]q (A ), ∗) is also a homomorphism of
algebras.
8.2. Integration map on derived Hall subalgebra DHcq(A ). Let Q, Q˜ be the same
as given in Section 5. Let A be the category of finite dimensional left S-modules. We give
an integration map on the derived Hall subalgebra DHcq(A ). For each positive integer t,
let Tt be the Z[v, v−1]-algebra with a basis {Xα | α ∈ Zt} and multiplication given by
Xα ⋄Xβ = Xα+β.
It is well known that there is an isomorphism of groups
f : K(Db(A )) −→ K(A )
defined by f(Xˆ•) =
∑
i∈Z
(−1)idimXi =: dimX•. Moreover, 〈X•, Y•〉 = 〈dimX•,dimY•〉.
Lemma 8.7. For any objects X•, Y• ∈ CA , we have that dim kHomDb(A )(X•, Y•[i]) = 0 if
|i| > 1.
Proof. Let X• =M ⊕ P [1] and Y• = N ⊕Q[1] with M,N ∈ A and P,Q ∈ P .
If i > 1, since A is hereditary and P projective, we obtain that
HomDb(A )(X•, Y•[i]) = HomDb(A )(M ⊕ P [1], N [i]⊕Q[i+ 1])
∼= HomDb(A )(P [1], N [i])
= 0.
For i < −1, it is easy to see that HomDb(A )(X•, Y•[i]) = 0. 
Proposition 8.8. The integration map∫
: DHcq(A ) −→ Tn, uX• 7→ XdimX•
is a homomorphism of algebras.
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Proof. For any objects X•, Y• ∈ CA ,∫
uX• ∗ uY• = q〈X•,Y•〉
∑
[Z•]
|Ext 1
Db(A )(X•, Y•)Z•|∏
i≥0
|HomDb(A )(X•[i], Y•)|(−1)i
XdimZ•
= q
∑
i>0
(−1)idim kHomDb(A )(X•,Y•[i])∑
[Z•]
|Ext 1Db(A )(X•, Y•)Z•|XdimX•+dimY•
= XdimX•+dim Y• (by Lemma 8.7)
= XdimX• ⋄XdimY•
=
∫
uX• ⋄
∫
uY• .

8.3. Quantum cluster characters via derived Hall subalgebras. Let Q, Q˜ be the
same as given in Section 5. We keep notations as in Section 5, in particular, we have
m × n integral matrices B˜, R˜, R˜′, E˜, E˜ ′ etc. Let A (resp. A˜) be the category of finite
dimensional left S (resp. S˜)-modules. We may identify A with the full subcategory of
A˜ consisting of modules with supports on Q. For an S-module X we also denote by x
the dimension vector of X viewed as an S˜-module, since this should not cause confusion
by the context. Let R(Q˜) and R′(Q˜) be the m×m matrices with the i-th row and j-th
column elements given respectively by
rij = dim DiExt
1
S˜
(Sj , Si)
and
r′ij = dim DiopExt
1
S˜
(Si, Sj),
where 1 ≤ i, j ≤ m. Define B(Q˜) = R′(Q˜) − R(Q˜), E(Q˜) = Im − R′(Q˜) and E ′(Q˜) =
Im −R(Q˜).
Note that B˜ is the submatrix of B(Q˜) consisting of the first n columns. In what follows,
we assume that there is a skew-symmetric m×m integral matrix Λ such that
− ΛB(Q˜) = diag{d1, · · · , dm}. (8.14)
As in Section 6, we twist the multiplication on DHcq(A˜ ), and define DHcΛ(A˜ ) to be the
same module as DHcq(A˜ ) but with the twisted multiplication defined on basis elements
by
uM⊕P [1] ⋆ uN⊕Q[1] := v
Λ(E′(Q˜)(m−p),E′(Q˜)(n−q))uM⊕P [1] ∗ uN⊕Q[1], (8.15)
whereM,N ∈ A˜ and P,Q ∈ P A˜ . We also twist the multiplication on the tensor algebra
(DHcq(A˜ )⊗DHcq(A˜ ), ∗) by defining
(uM⊕P [1] ⊗ uN⊕Q[1]) ⋆ (uU⊕S[1] ⊗ uV⊕T [1]) := vλ(uM⊕P [1] ⊗ uN⊕Q[1]) ∗ (uU⊕S[1] ⊗ uV⊕T [1]),
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where λ = Λ(E ′(Q˜)(m−p+n−q), E ′(Q˜)(u−s+v−t)),M,N,U, V ∈ A˜ and P,Q, S, T ∈
P A˜ . In a similar way to Lemma 6.2, we obtain the following
Lemma 8.9. The map ∆ : (DHcΛ(A˜ ), ⋆) −→ (DHcq(A˜ )⊗DHcq(A˜ ), ⋆) is a homomorphism
of algebras.
We twist the multiplication on the tensor algebra of the torus Tm by defining
(Xα ⊗Xβ) ⋆ (Xγ ⊗Xδ) := q 12Λ(E′(Q˜)(α+β),E′(Q˜)(γ+δ))+(β,γ)+〈α,δ〉Xα+γ ⊗Xβ+δ (8.16)
for any α, β, γ, δ ∈ Zm. In a similar way to Lemma 6.3, we obtain the following
Lemma 8.10. The map
∫ ⊗ ∫ : (DHcq(A˜ ) ⊗ DHcq(A˜ ), ⋆) −→ (Tm ⊗ Tm, ⋆) is a homo-
morphism of algebras.
In a similar way to Proposition 6.5, we obtain the following
Proposition 8.11. The map µ : (Tm ⊗ Tm, ⋆) −→ (TΛ, ⋆) defined by
µ(Xα ⊗Xβ) = v−(α,β)−〈α,β〉X−E(Q˜)α−E′(Q˜)β ,
where α, β ∈ Zm, is a homomorphism of algebras.
Define ψ := µ◦ (∫ ⊗ ∫ )◦∆. In other word, we have the following commutative diagram
(DHcΛ(A˜ ), ⋆)
ψ
//
∆

(TΛ, ⋆)
(DHcq(A˜ )⊗DHcq(A˜ ), ⋆)
∫
⊗
∫
// (Tm ⊗ Tm, ⋆).
µ
OO
(8.17)
In a similar way to Theorem 6.6, we obtain the following
Theorem 8.12. The map ψ : (DHcΛ(A˜ ), ⋆) −→ (TΛ, ⋆) is a homomorphism of algebras.
Moreover, for any M ∈ A˜ and P ∈ P A˜ ,
ψ(uM⊕P [1]) =
∑
e
v〈p−e,m−e〉|GreM |XE′(Q˜)(p−e)−E(Q˜)(m−e).
Corollary 8.13. For any M ∈ A˜ and P ∈ P A˜ ,
ψ(uM⊕P [1]) =
∑
e
v〈p−e,m−e〉|GreM |X−B(Q˜)e−E(Q˜)m+tP .
Proof. We only need to note that B(Q˜) = E ′(Q˜)−E(Q˜) and E ′(Q˜)p = tP , thus obtain
that
E ′(Q˜)(p− e)− E(Q˜)(m− e) = −B(Q˜)e− E(Q˜)m+ tP .

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Let C˜A be the full subcategory of Db(A˜) consisting of objects M ⊕ P [1] with M ∈ A
and P ∈ PA˜. Let DHc˜Λ(A) be the submodule of DHcΛ(A˜) spanned by all elements uX•
with X• ∈ C˜A . Then DHc˜Λ(A) is a subalgebra of DHcΛ(A˜). We define Ψ = ψ ◦ l, where l
is the embedding of DHc˜Λ(A) into DHcΛ(A˜).
Corollary 8.14. The map Ψ : (DHc˜Λ(A ), ⋆) −→ (TΛ, ⋆) is a homomorphism of algebras.
Moreover, for any M ∈ A and P ∈ P A˜ ,
Ψ(uM⊕P [1]) =
∑
e
v〈p−e,m−e〉|GreM |X−B˜e−E˜m+tP .
That is, Ψ(uM⊕P [1]) is precisely the quantum cluster character associated to uM⊕P [1] for
the quantum cluster algebra A(Λ, B˜).
Proof. Clearly, Ψ is a homomorphism of algebras. By Corollary 8.13, we only need to
note that for any X ∈ A , we have that B(Q˜)x = B˜x and E(Q˜)x = E˜x. Moreover, for
any two S-modules X and Y , the Euler forms of X and Y as S-modules and S˜-modules
are equal. 
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